Convergence trades exploit temporary mispricing by simultaneously buying relatively underpriced assets and selling short relatively overpriced assets. This paper studies optimal convergence trades under both recurring and non-recurring arbitrage opportunities represented by continuing and 'stopped' cointegrated price processes and considers both fixed and stochastic (Poisson) horizons. We demonstrate that conventional long-short delta neutral strategies are generally suboptimal and show that it can be optimal to simultaneously go long (or short) in two mispriced assets. We also find that the optimal portfolio holdings critically depend on whether the risky asset position is liquidated when prices converge. Our theoretical results are illustrated using parameters estimated on pairs of Chinese bank shares that are traded on both the Hong Kong and China stock exchanges. We find that the optimal convergence trade strategy can yield economically large gains compared to a delta neutral strategy.
Introduction
Convergence trades are arguably one of the most important strategies used to exploit mispricing in financial markets. In a classic convergence trade, two assets trade at different prices but have the same (or similar) payoff with certainty at a future date. Familiar examples of convergence trades include merger arbitrage (risk arbitrage), pairs trading (relative value trades), on-the-run/off-the-run bond trades, relative pricing of tranched structured securities, and arbitrage between the same stocks trading in different markets; see Bondarenko (2003) Industry practice as well as academic studies conventionally assume that convergence trades are based on delta neutral long-short positions, so that market exposure gets eliminated; see Shleifer and Vishny (1997) , Mitchell and Pulvino (2001) , Lehmann (2002) , Liu and Longstaff (2004) , Liu, Peleg and Subrahmanyam (2010) , and Jurek and Yang (2007) . However, our analysis demonstrates that the delta neutral arbitrage strategy is not the most efficient way to exploit temporary mispricing. Specifically, we show that the optimal convergence trading strategy that maximizes expected utility generally does not involve holding a delta neutral position. If the investor really prefers a market neutral portfolio, this can be better obtained by combining the optimal individual asset portfolio with the market index. Such a "market layover" strategy can potentially improve the performance of the combined portfolio.
The basic message of our analysis is that there is a trade-off between diversification and arbitrage. Delta neutral convergence trades are designed to explore long-term arbitrage opportunities but, in so doing, also create exposure to idiosyncratic risk which opens up diversification opportunities. By focusing on long-term arbitrage, delta neutral strategies do not take full advantage of the short-term risk-return trade-off and diversification benefits. By placing arbitrage opportunities in the context of a portfolio maximization problem, our optimal convergence strategy accounts for both arbitrage opportunities and diversification benefits.
We obtain several surprising new results. First, we show that it can be optimal to take the same 'side' of both risky assets (i.e., be long in both assets or short in both assets at the same time) even when prices eventually converge. This type of result, in which the sign of the optimal asset position can differ at short and long investment horizons, only occurs in a multiperiod model and will not happen in the static setting. A second surprising finding is how much of a difference it can make whether the arbitrage opportunities are recurring or nonrecurring, particularly for small levels of mispricing. A third surprising finding is that the optimal convergence trade in some special cases involves holding only one asset and disregarding the second asset.
To model convergence trades, we follow earlier studies in the literature, e.g., Alexander (1999), Gatev, Goetzmann and Rouwenhorst (2006) and Jurek and Yang (2007) , in assuming that individual asset prices contain a random walk component, but that pairs of asset prices can be cointegrated. This setup offers a tractable, yet flexible model that provides closed-form solutions in the case with recurring arbitrage opportunities. Cointegration between pairs of asset prices gives rise to a mean reverting error correction term which represents an expected excess return over and above the risk premium implied by the CAPM. This expected excess return is similar to a conventional 'alpha' component except that it is time-varying and has an expected value of zero in the long run. Such time variation in alpha reflects both absolute mispricing−abnormal expected returns over and above the CAPM benchmark values−and relative mispricing reflecting the relative prices of the two assets. At short horizons, time is too scarce for the arbitrage mechanism to be effective, and absolute mispricing dominates. At longer horizons, relative mispricing plays a key role as price differentials can be expected to revert to zero and the optimal portfolio is long in the (relatively) underpriced asset and short in the (relatively) overpriced asset.
Under recurring arbitrage opportunities, the optimal portfolio may switch from being long in one asset to shorting this asset if it changes from being (relatively) underpriced to being overpriced. Arguably, this misses the important point that investors close out their positions when prices converge and profit opportunities diminish. To deal with this issue, we modify the setup to allow for a 'stopped' cointegration process in which investors close out their position in the pair of risky assets when prices have converged and mispricing has disappeared. This case with non-recurring arbitrage opportunities gives rise to a set of very different boundary conditions when solving for the optimal portfolio weights. 1 Comparing the cases with recurring and non-recurring arbitrage opportunities, we show that the optimal holdings in the risky assets can be very different, particularly when the price differential is small. Specifically, while risky stock holdings go to zero as the mispricing goes to zero under recurring arbitrage opportunities, under non-recurring arbitrage opportunities, risky asset positions are bounded away from zero when mispricing is non-zero and only get eliminated at zero. In practice, this can lead to quite different optimal portfolio holdings for the two cases.
We next compare the optimal unconstrained and delta neutral trading strategies. To illustrate the economic loss from adopting the delta neutral strategy, we consider a model whose parameters are calibrated to a new data set on Chinese banking shares. Stocks of some Chinese 1 Our analysis does not account for funding risk. Even with a textbook arbitrage and a logarithmic utility maximizer, explicit modeling of funding risk is very involved, see, e.g., Liu and Longstaff (2004) . Qualitatively, investors should hold smaller positions when funding risk is a concern while quantitatively it is difficult to combine both risky arbitrage and funding risk.
companies are traded simultaneously on the Hong Kong stock exchange as H shares and on the Chinese stock exchanges as A shares. A and H shares carry the same dividends and control rights, but can trade at very different prices. Due to trading restrictions on Chinese investors, H shares are more likely to be fairly priced while A shares are more likely to be mispriced. In this case the delta neutral long-short strategy is suboptimal and we find that the optimal convergence trade can generate economically significant gains over the arbitrage strategy for some of the banks.
In summary, the key contributions of our paper are as follows. First, we derive in closed form the optimal convergence trading strategy under the assumption that asset prices are cointegrated and arbitrage opportunities are recurring. We show that the delta neutral strategy is, in general, suboptimal and the optimal arbitrage strategy is determined by both relative mispricing (risky arbitrage) and absolute mispricing. Second, we extend the setup to allow for a stopped cointegrated price process in which the investor's position in pairs of risky assets is liquidated once prices converge. This can lead to optimal trading strategies that are quite different from those assuming recurring arbitrage opportunities. Third, we provide analytical solutions for optimal portfolio holdings when the holding period is stochastic as governed by a Poisson termination process. Fourth, we use a calibration exercise to pairs of Chinese banking shares to demonstrate that the loss incurred from following the delta neutral strategy can be economically significant.
The paper is organized as follows. Section 2 specifies our model for how asset prices evolve. Section 3 introduces the investor's portfolio choice problem. Sections 4 and 5 provide solutions for the optimal unconstrained and delta neutral strategies, respectively, separately considering the cases with recurring and non-recurring arbitrage opportunities. Section 6 analyses the case with a Poisson termination process. Section 7 conducts an empirical analysis of pairs of Chinese bank stocks simultaneously traded on the stock exchanges in China and Hong Kong. Section 8 concludes. Proofs are contained in the Appendix.
Convergence Trade and Cointegration
We assume that there is a riskless asset which pays a constant rate of return, r. A risky asset trading at the price P mt represents the market index. This follows a geometric random walk process,
where the market risk premium, µ m , and market volatility, σ m , are both constant and B t is a standard Brownian motion. The market index is fairly priced. Papers such as Dumas, Kurshev and Uppal (2009) and Brennan and Wang (2006) assume that the market index is subject to pricing errors. We make no such assumptions here and instead concentrate on mispricing in (pairs of) individual asset prices.
In addition to the risk-free asset and the market index, we assume the presence of two risky assets whose prices P it , i = 1, 2, evolve according to the equations
where λ 1 , λ 2 , β, b, and σ are constant parameters. Z t and Z it are standard Brownian motions, and B t , Z t , and Z it are all mutually independent for i = 1, 2. 2 x t represents pricing errors in our model and is the difference between the logarithms of the two asset prices, p it = ln P it ,
We make the key assumption that λ 1 + λ 2 > 0. This implies that x t is stationary and the logarithms of the prices are cointegrated with cointegrating vector (1, −1). Following Engle and Granger (1987), we refer to x t as the error-correction term. For simplicity, we use the CAPM as the benchmark, but our results will continue to hold for other asset pricing models.
Other statistical processes could be used to capture temporary deviations from equilibrium prices, including non-linear relations or fractional cointegration, to name a few. Our stylized model is meant to capture essential features of pricing errors while maintaining analytical tractability and allowing us to characterize the optimal trading strategy in closed form.
To make our analysis tractable we assume, unlike Xiong (2001) , that the processes generating asset prices are exogenous with respect to the investor's decisions, and thus consider the optimal trades of a "small" investor with no market impact. Xiong considers investors with logarithmic utility and shows that while convergence traders normally reduce price volatility, they can actually amplify unfavorable shocks in situations where they are forced to liquidate their positions. 3 Our setup captures the idea that two assets with identical payoffs can trade at different prices.
Examples include pairs of stocks that have the same claim to dividends and identical voting rights but are traded in different markets and two stocks with the same payoffs such as the target and acquirer stocks in a merger. Specifically, the shares of Shell and Royal-Dutch traded at different prices despite being claims on the same underlying assets. If the time of convergence of the two prices was known with certainty, there would be a riskless arbitrage opportunity and 2 The presence of a common nonstationary factor is consistent with the equilibrium asset pricing model analyzed by Bossaerts and Green (1989) . 3 See also Kondor (2009) for an approach that endogenizes the price process.
investors would have shorted the overpriced stock in the same amount as they would have been long in the underpriced stock. In reality, however, while the two stock prices can be expected to converge over time, the date where this would occur is not known ex ante, and so this is an example of risky arbitrage, i.e. a self-financing trading strategy with a strictly positive payoff today but a zero expected future cumulative payoff.
In equations (2)- (3), βσ m dB t represents exposure to the market risk while σdZ t + bdZ it represents idiosyncratic risks. It is standard to assume that idiosyncratic risks are independent across different stocks with the market risk representing the only source of correlation among different assets. In our case, both assets are claims on similar fundamentals and so the presence of common idiosyncratic risk, dZ t , is to be expected. The two asset prices are correlated both because of their exposure to the same market-wide risk factor (dB t ) and common idiosyncratic risk (dZ t ) but also due to the mean reverting error correction term (x t ) which will induce correlation between the two asset prices even in the absence of the two former components.
Alpha and Absolute Mispricing
The expected stock return in equations (2)- (3) is (r+βµ m )dt−λ 1 x t dt and (r+βµ m )dt+λ 2 x t dt respectively. If λ 1 = λ 2 = 0, expected returns satisfy the CAPM relation, (r + βµ m )dt; in this sense (i.e., that the CAPM correctly specifies the expected return), there is no mispricing in either asset and only the market index and the riskless asset will be held. Neither of the individual risky assets are held because of their additional idiosyncratic risk which goes without any associated extra expected return.
If either or both λ's are non-zero, expected returns have an extra term which represents deviations from the CAPM relation. When −λ 1 x t > 0, asset one has a higher expected return than is justified by its risk, i.e., a positive alpha, and so asset one is underpriced. Conversely, when −λ 1 x t < 0, asset one has a lower expected return than justified by its risk, i.e., a negative alpha, and is overpriced. Similarly, when λ 2 x t > 0, asset two has a positive alpha and thus is underpriced; when λ 2 x t < 0, asset two has a negative alpha and is overpriced. Therefore, −λ 1 x t and λ 2 x t represent mispricing "alphas" and they capture each asset's absolute mispricing which we know must exist; after all, convergence trades involve two assets with the same payoff trading at different prices. values that have the same sign but are of different magnitudes. As a third case, suppose two
Chinese banking shares are hit by a common (industry-wide) liquidity shock that leads both assets to become underpriced, but that one asset is more underpriced than the other. This case can be captured by letting λ 1 and λ 2 be of different signs. For example, if x t > 0 and λ 1 < 0, λ 2 > 0, then both assets are underpriced relative to the market. From the stability condition λ 1 + λ 2 > 0, the second asset must be more underpriced than the first asset and so is expected to revert back to its equilibrium price more rapidly.
Cointegration and Relative Mispricing
The variable x t = ln(P 1t /P 2t ) is the difference in the logarithm of the prices of two assets that should be identical and so represents relative mispricing. If λ 1 + λ 2 > 0, equations (2)- (4) constitute a continuous-time cointegrated system with −λ 1 x t and λ 2 x t as the error correction terms.
Even though both asset prices are almost geometric Brownian motions, the difference between the two is stationary because of the error correction term which captures relative mispricing between the two assets. The dynamics of this term satisfies
where
and b x = √ 2b. The assumption that the mean reversion coefficient, λ x , is positive ensures that x t is stationary. Mean reversion in x t captures the temporary nature of any mispricing.
The error correction term produces mean reversion that keeps mispricing stationary and pricing errors "small" compared to either of the individual integrated price processes p 1t , p 2t . This ensures that, in the words of Chen and Knez (1995) , "closely integrated markets should assign to similar payoffs prices that are close".
We consider two cases. In the first case ("recurring arbitrage opportunities"), the price differential, x t , only spends an infinitesimally small time at zero, is characterized at all times by the dynamics in Eq. (5) and so follows a stationary process. In this case, stock prices are always described by Eqs. (2)-(3). In the second case ("non-recurring arbitrage opportunities"), any price difference is temporary and gets permanently eliminated the first time the two prices converge and x t = 0. In this case, the price dynamics is subject to the additional restriction that x τ +∆ = 0 for all ∆ ≥ 0, where τ = min(t : x t = 0) is a stopping time. In this case, prices remain identical after they converge. As we show later, optimal portfolio weights are different for these cases. 4 To summarize, absolute mispricing is determined in the short run by the conditional alphas while relative mispricing is determined in the long run by cointegration between asset prices.
Portfolio Choice Problem
Denote the investor's allocation to the market portfolio by φ mt while the weights on the individual risky assets are given by φ it , i = 1, 2. In the absence of intermediate consumption, the investor's wealth, W t , evolves according to the process
We assume that the investor maximizes the expected value of a power utility function defined over terminal wealth,
If the investor is a hedge fund, T can be viewed as the fund's lifetime.
The investor's value function is given by
4 Under the first scenario, any mispricing is stationary over time. Conversely, mispricing in Liu and Longstaff (2004) and Liu, Peleg, and Subrahmanyam (2010) is expressed in terms of a Brownian bridge and a generalized Brownian bridge. These specifications are not stationary and are useful to describe cases where mispricing will be zero for sure at some future date. For example, on the settlement date of a futures contract, the difference between the spot and futures price has to be zero even though the individual spot and futures prices follow non-stationary processes (Brenner and Kroner, 1995) .
where W * T is the wealth at time T obtained by the optimal trading strategy with W t = W and x t = x at time t.
Using standard results, it follows that when prices are described by diffusion processes such as those in equations (1)- (3), J satisfies the HJB equation
. Exploiting homogeneity, the value function should take the following form
Expressed in terms of u(t, x), the first-order conditions forφ m , φ 1 and φ 2 arẽ
Solving these equations, the optimal portfolio weights take the form
The first term in the expression for the market portfolio weight, φ * mt , is the standard meanvariance portfolio weight and thus depends on the market's Sharpe ratio divided by the investor's coefficient of risk aversion and market volatility. The second term offsets the market exposure of the individual assets which is linear in the portfolio weights, φ * 1t and φ * 2t , and proportional to their beta.
Turning to the expression for φ * 1t and φ * 2t , the first term in the bracket in Eq. (11), which depends explicitly on λ 1 and λ 2 , is the mean-variance term; the second term, which is proportional to u x , is the intertemporal hedging term. Note that parameters associated with the market index such as β, µ m , and σ m , do not affect φ * 1t , φ * 2t . This is because the individual assets' market exposure is hedged using the market index. In contrast, asset-specific parameters such as the volatility of the common and independent idiosyncratic risk components (σ, b), their sensitivity to the mispricing component (λ 1 and λ 2 ), the size of the mispricing (x = ln(P 1 /P 2 ) ) in addition to the investor's attitude to risk (γ) and investment horizon (through u x ), determine optimal asset holdings.
Substituting the optimal portfolio weights back into the HJB equation, the following PDE is obtained for u(t, x)
The terminal condition is
Note that the PDE for u in (12) and the boundary condition in (13) are quite general in the sense that they hold under both recurring and non-recurring arbitrage opportunities. In contrast, the boundary condition for u(t, x) depends on what happens when x reaches zero and the two prices converge.
Optimal Investment Strategies
This section separately considers cases with a continuing cointegrated price process (recurring arbitrage opportunities), which gives closed-form solutions for the optimal portfolio weights, versus a stopped cointegrated price process (non-recurring arbitrage opportunities) for which the optimal portfolio weights have to be solved numerically.
Continuing Cointegrated Price Process
We first consider the case where stock prices continue to be described by the cointegrated process even after the price difference reaches zero. In this case, with probability 1, the prices will diverge again. This case is relevant for Royal Dutch and Shell's stock prices as well as for Aand H-share prices of Chinese stocks. In this case, the PDE for u(t, x) is satisfied for all x and can be solved in closed form. (10) is characterized by
Lemma 1 Suppose asset prices evolve according to equations (1)-(3) and the investor has constant relative risk aversion preferences. Then the value function in equation
where the A(t) and C(t) functions only depend on time, t, and are given in the Appendix.
Substituting the specific form of u(.) in Lemma 1 into equation (11), the optimal portfolio weights can be obtained. 
Proposition 1 Under the assumptions of Lemma 1, the optimal weights on the market portfolio,
This result follows from equation (11) and Lemma 1 which implies that u x = C(t)x. We shall use Proposition 1 to compute optimal portfolio weights given a set of estimates for the
Stopped Cointegrated Process
Next consider the case where the price difference, x t , stays at zero when it reaches zero so that it follows a "stopped" cointegrated process. This case is relevant for "one-shot" arbitrages such as risk arbitrage in mergers and acquisitions. Alternatively, if the investor decides to close out the position once prices converge, we can also view the price process as a stopped cointegrated process.
Formally, let τ be defined by
The log-price differential now follows a stopped AR(1) process X τ = x t∧τ .
When t < τ , the value function u(t, x) satisfies the same partial differential equation in (12) as the continuing cointegrated process. When t ≥ τ , prices have converged, the investment opportunity in the individual stocks is gone, and the investor will hold only the market index.
This is a standard Merton problem and so produces utility at τ of
Equation (14) implies that
When x → ∞, x is unlikely to reach zero before time T , so the boundary condition becomes
where A(t) + 1 2 C(t)x 2 is the u(t, x) function for the continuing cointegrated process introduced in Lemma 1. In this case, there is no closed-form solution for the value function u(t, x), but we can solve for u(t, x) numerically and obtain the optimal portfolio weights using equation (11) .
The most surprising feature of the portfolio weights under a stopped cointegrated price process is that they approach a non-zero limit as x → 0. Under recurring arbitrage opportunities, the individual portfolio weights are proportional to the log-price difference, x, and so approach zero as x → 0. The position in these two assets unwinds gradually as x → 0. In contrast, if
x is stopped at x = 0, the individual portfolio weights approach a non-zero limit when x → 0.
In this case, the investor has finite positions in both assets as x ↓ 0; to unwind the position as required for this case, a large portfolio adjustment has to be made at x = 0.
To establish intuition for this finding, note that in the case of recurring arbitrage opportunities, the risk premium, which is proportional to x, can become negative. In fact, when x = 0, the probability that x becomes negative in the next instant equals the probability that x becomes positive. As a consequence, when x equals zero, it is optimal to hold zero in the two risky stocks:
holding individual stocks would only add idiosyncratic risk without any additional increase in expected returns since there is no mispricing.
Conversely, in the case with non-recurring arbitrage opportunities, the investment opportunity disappears the first time x equals zero. Because the x process cannot fall below zero, there is not the same downside risk as in the case with recurring arbitrage opportunities. Suppose now that x is very small but just a little above zero. Then the distribution of future returns is similarly truncated since the worst that can happen to the risk premium is that it becomes zero (when x = 0). Since the future risk premium is finite but positive and there is limited downside risk, the agent chooses optimally to hold a finitely positive amount in the risky assets.
To illustrate our results, we use parameter values obtained from an empirical analysis of pairs of Chinese banking stocks traded simultaneously as A-shares on the Chinese stock exchange and as H-shares on the Hong Kong stock exchange. Details of the analysis are provided in Section 7. We focus on two pairs of error-correction parameter values, namely (λ 1 , λ 2 ) = (0.29, 0.31) and (λ 1 , λ 2 ) = (0.52, −0.35), corresponding to the estimated parameters for Agricultural Bank of China and China Citic Bank, respectively. We let x vary from zero to 0.2, corresponding to asset one being relatively overpriced. 5 For the first set of parameters, (λ 1 , λ 2 ) = (0.29, 0.31), the positive error correction term leads to a decrease in the price of asset one and an increase in the price of asset two. For the second set of parameters, (λ 1 , λ 2 ) = (0.52, −0.35), the price of asset two tends to decrease when this asset is undervalued, but the price of asset one decreases by even more, thus ensuring convergence.
The left window of Figure 1 plots the optimal weights under both recurring and non-recurring arbitrage opportunities when the degree of mispricing is varied from zero to 20%, while the investment horizon is kept fixed at T = 1 year and γ = 4. Under these parameter values, and assuming recurring arbitrage opportunities, the optimal weights are of opposite signs and almost identical in magnitude. Moreover, as x gets large, the weights under recurring and nonrecurring arbitrage opportunities converge as we would expect, since it becomes unlikely that x will cross zero prior to time T . When x is small, however, the two sets of weights are very different. Whereas the weights under recurring arbitrage opportunities converge to zero, the weights under non-recurring arbitrage opportunities remain bounded away from zero even for small values of x.
The right window of Figure 1 shows that the two sets of weights can differ by even more when λ 1 and λ 2 are of opposite signs. For this case the optimal holdings under recurring arbitrage opportunities are short in both stocks, although the holding in the second stock is quite close to zero. In contrast, the holdings under non-recurring arbitrage opportunities start with a short position in the first stock and a long position in the second stock, although the latter declines towards zero as x gets larger. Once again, as the magnitude of the mispricing grows, the two pairs of weights converge.
Short-Term Risk-Return Trade-off and Long-Term Arbitrage
Our cointegrated price processes allow for mispricing in the short term but impose that prices revert to their equilibrium (no arbitrage) relation in the long term. These properties are reflected in the portfolio weights. At short horizons, the portfolio weights are dominated by the meanvariance component, which is determined by the instantaneous risk-return trade-off. At long horizons, the portfolio weights reflect equilibrium forces. Conventional long-short arbitrage strategies impose that the two stock portfolio weights should have opposite signs. This is not true for the optimal portfolio strategy. We show below that at short horizons, it is possible that both stock portfolio weights can have the same sign, while at long horizons they can have opposite signs. To illustrate these points, we take advantage of the closed-form solution for the case with continuing cointegrated processes, but the intuition and conclusion applies to the stopped cointegrated processes as well.
From Proposition 1, the optimal stock portfolio weights for the continuing cointegrated pro-cess can be written as
At short horizons the term proportional to C(t) is small. Without loss of generality, we can assume that λ 1 > 0. If P 1t > P 2t , then (17) shows that it is optimal to short the first stock,
i.e., φ * 1t < 0, which is unsurprising since this stock is (relatively) overvalued and has a negative alpha. More surprisingly, however, it is possible that it is optimal to simultaneously short the second stock, i.e., φ * 2t < 0. This follows when (λ 1 + λ 2 ) σ 2 b 2 + λ 2 < 0 and suggests the following corollary:
Then at short horizons the optimal portfolio takes a short position in both stocks.
The intuition for this result is as follows. At short horizons, intertemporal hedging ceases to be important and so both assets are shorted if they have negative alphas and are overpriced.
In this situation, investors can optimally exploit the absolute mispricing by shorting the two assets and are willing to be exposed to idiosyncratic risk. At short horizons, the investor acts myopically and portfolio holdings are dictated by the conventional mean-variance trade-off.
This result is in stark contrast with the delta neutral strategy which consists of symmetric long-short positions in the two stocks.
Turning to the opposite case with a long horizon, using results in the appendix we have,
(1 − γ)
Hence, at long horizons, the optimal stock holdings are given by
Using this result, we get the following corollary: 
Optimal Convergence Trades with a Single Stock
Another surprising result is that it may be optimal to hold only one stock in a convergence trade.
It is often automatically assumed that the optimal convergence trade strategy will hold the two assets simultaneously, i.e., buy the underpriced asset and short the overpriced asset. However, as we shall see, this need not hold, at least not if asset prices are modeled by cointegrated price processes. In fact, it is possible that the optimal position holds only one of the assets.
Specifically, suppose that γ = 1 so that C(t) = 0 and there is no dynamic hedging. Furthermore, assume that one of the assets is mispriced (λ 1 > 0) while the other is correctly priced 6 Alternatively, the optimal stock portfolio weights can be written as
While the first and third terms in the large bracket have opposite signs and identical magnitude, this need not hold for the second term as long as λ 1 = λ 2 . Thus the two optimal stock positions need not have equal size with opposite signs.
(λ 2 = 0) and unaffected by the error correction term. Finally, assume that σ = 0 so there is no correlation between idiosyncratic shocks:
The optimal portfolio puts a zero weight on asset two in this case. Thus, the optimal convergence trade strategy holds only one stock, and not the pair. This is surprising, since convergence trades seem to imply that both assets are held.
This result can be understood as follows. Although the two asset prices remain cointegrated, all price adjustment occurs through the first asset. When only asset one is mispriced, asset two will be held to reduce the variance of the optimal strategy due to their common idiosyncratic risks. When σ = 0, the idiosyncratic risk of asset two is independent of the idiosyncratic risk of asset one, so asset two cannot be used to reduce the variance of asset one and therefore will not be held.
There is a catch to this result, however. Even though the instantaneous correlation between idiosyncratic risks of asset one and asset two is zero, there is a long-term correlation due to their cointegration. In fact, dZ 2t is one of the shocks to dx t , so there is an intertemporal hedging benefit from holding asset two. Therefore, for investors with γ = 1, even though the myopic component of the optimal portfolio weight on asset two is still zero, the intertemporal hedging component will not be zero. The ratio |φ * 2t |/|φ * 1t | will then increase from zero as the horizon expands.
Optimal Delta Neutral Strategy
Many popular investment strategies assume that the portfolio is delta neutral. For example, Liu and Longstaff (2004) and Liu, Peleg, and Subrahmanyam (2010) directly specify the dynamics of the difference in asset prices and so one can view the strategies studied in these papers as assuming that φ 1t = −φ 2t . As pointed out by Gatev et al. (2006) , and confirmed empirically by these authors, pairs of stocks are often selected to be market neutral. In our model where the two stocks are assumed to have identical market betas, delta neutrality directly translates into the constraint φ 1t = −φ 2t . This section shows that although the market-neutral strategy is very popular, it can clearly be suboptimal. If the investor really prefers a market-neutral portfolio, this can be better obtained by combining the optimal individual asset holdings with the market index. A utility maximizer could rationally accept some exposure to the market portfolio to earn the market risk premium.
When there is mispricing, the optimal portfolio should have some exposure to the market (and thus not be delta neutral) and some position in the mispriced assets. Our results suggest that the best way to achieve a delta neutral position is to use the market index to hedge away the market exposure in the mispriced assets. Using mispriced assets alone to achieve delta neutrality will necessarily under-exploit opportunities offered by mispricing in the individual stocks.
With the constraint, φ 1t = −φ 2t , we haveφ mt = φ mt + β(φ 1t + φ 2t ) = φ mt . The HJB equation is then given by
Assume again that the investor has power utility so the value function takes the form
where v(t, x) is the delta neutral counterpart to u(t, x) in (10). The HJB equation reduces to 
Similarly, the first-order condition for φ 1 is
and so
Substituting the optimal weights back into the HJB equation, we get the following PDE
The terminal condition is v(T, x) = 0.
Once again we separately characterize the optimal portfolio holdings for the cases with recurring and non-recurring arbitrage opportunities.
Continuing Cointegrated Process
In this case, the PDE specified by equation (25) has a closed-form solution.
Lemma 2 Suppose asset prices evolve according to equations (1)-(3) and the investor has constant relative risk aversion preferences. Then the function v(t, x) is characterized by
where the B(t) and D(t) functions only depend on time, t, and are given in the Appendix.
From equations (23) and (24) and Lemma 2, the optimal portfolio weights under the constraint that φ 1t = −φ 2t can be characterized in closed form as follows:
Proposition 2
The optimal portfolio weights under the delta neutrality constraint φ 1t + φ 2t = 0
To illustrate this result, Figure 3 compares the optimal unconstrained and delta neutral stock weights using the parameter estimates from our empirical analysis. For the first set of parameter values where λ 1 ≈ λ 2 , the delta neutral and unconstrained optimal weights are essentially identical as we would expect from propositions 1 and 2 since in this case φ * 1t ≈ φ * 2t . Conversely, the delta neutral weights are very different from the unconstrained optimal weights in the right window where λ 1 and λ 2 are of opposite signs. For this case, the delta neutral strategy takes a short position in stock one, which is (relatively) overvalued, and a long position in stock two, which is undervalued. In contrast, the optimal unconstrained strategy takes a large short position in the first stock and a small short position in the second stock.
Stopped Cointegrated Process
Using similar arguments as for the unconstrained case, the boundary conditions for v(t, x) are
When x → ∞, we have
Here, B(t) + 1 2 D(t)x 2 is the v(t, x) function for the case with recurring arbitrage opportunities given in Lemma 2. Again, we can solve the PDE numerically for the case with non-recurring arbitrage opportunities. Figure 4 illustrates the delta neutral positions for the case with non-recurring arbitrage opportunities. Once again the delta neutral position is virtually identical to the unconstrained position for the first set of parameter estimates for which λ 1 ≈ λ 2 (left window). Large differences occur, however, when λ 1 and λ 2 are dissimilar, as they are in the right window. For example, the unconstrained optimal holding of the second stock decreases as a function of x, while conversely the delta neutral holding in the second stock increases as x grows so as to balance out the increasingly short position in the first stock. As a result, the magnitude of the delta neutral and the unconstrained optimal positions can be very different across a wide spectrum of x−values.
To better understand the differences between the unconstrained optimal weights and the delta neutral weights, consider again the case with mispricing only in asset one (λ 1 = 1, λ 2 = 0). For this case we expect the magnitude of the myopic demand for asset one in the unconstrained optimal portfolio to exceed that in the delta neutral portfolio. To see why, notice that shocks to asset one have two components: one that is perfectly correlated with shocks to asset two (Z t ) and one that is independent of shocks to this asset (Z 1t ). The unconstrained allocation ensures that the perfectly correlated shock is completely hedged by taking an appropriate position in asset two. Hence the unconstrained optimal holding is determined by the risk premium and the variance of the independent shock. The delta neutral portfolio constrained to have suboptimal relative weights (1,-1), earns the same risk premium as asset one because the risk premium of asset two is zero (λ 2 = 0). Furthermore, the size of the independent shock to asset two is the same as that for asset one, but is not completely hedged. Thus the suboptimal portfolio earns the same risk premium but at a higher risk and so the investor will hold less of asset one under the constrained strategy.
By the same token, because the unconstrained portfolio has the same risk premium as the delta neutral portfolio but also has lower risk, the investor would take a larger position in the unconstrained portfolio for the intertemporal hedging demand.
Wealth Gains from the Optimal Strategy
Differences between the optimal and delta neutral trading strategies, while interesting in their own right, are not of economic significance unless we can demonstrate that they sometimes lead to sizeable economic losses for sensible choices of parameter values. This subsection therefore explores cases where the expected wealth gain from imposing delta neutrality will be minimal as well as cases where the opposite holds. First, we provide a sufficient condition for the optimal unconstrained strategy to be delta neutral:
Proposition 3 The optimal strategy is delta neutral if
This follows from equation (11) since φ * 1t = −φ * 2t and the optimal strategy is delta neutral when λ 1 = λ 2 . When this condition holds, clearly there will be no loss from applying a delta neutral strategy.
We next address more broadly the size of the economic loss associated with adopting the conventional delta neutral strategy. We base our comparison on a simple result that allows us to compute the wealth gain of the optimal investment strategy relative to the suboptimal delta neutral strategy.
The following proposition allows us to compare the wealth under the two investment strategies for the scenario with recurring arbitrage opportunities:
Proposition 4 The wealth gain of the optimal strategy relative to the delta neutral strategy assuming a mispricing of x is
where u(t, x) and v(t, x) are defined in equations (10) and (22), respectively.
To see this, note that, given a wealth level W , we need W ×R under the delta neutral strategy to achieve the same level of utility as under the optimal strategy, where
from which the result follows. A similar result allows us to compute wealth gains under the stopped cointegrated price process.
Using Proposition 4, it is easy to evaluate the investor's wealth gain. Figure 5 shows the expected wealth gain from adopting the unconstrained optimal trading strategy versus the delta neutral strategy as a function of the initial price difference, x. The graph considers the second set of error correction parameters, (λ 1 = 0.52, λ 2 = −0.35) since expected gains are close to zero for the first set of parameters because the two sets of weights are nearly identical; see Proposition 3. Assuming recurring arbitrage opportunities, the expected gain rises from close to 3% of initial wealth to 4.5% of initial wealth as x goes from zero to 20%. In the case with non-recurring arbitrage opportunities, the expected gain starts at zero, but increases to a level close to 3.5% when x = 0.20.
Stochastic Investment Horizon with Poisson Termination Process
So far, we have assumed either that the investor's horizon is deterministic (that is, the horizon is a constant T ) or stochastic in a way that is related to the x-process crossing some boundary. Another possibility is that the fund is forced to liquidate its position at a random time for reasons extraneous to the risky arbitrage such as withdrawal of funds or liquidity shocks. For example, Krishnamurthy (2010) argues that small shocks to credit or liquidity conditions can have large balance sheet and/or information amplifiers on financial intermediaries, and these could ultimately force a fund to wind up its positions if it can no longer obtain funding.
To capture this case, suppose that the investor's horizon is given by an exogenous Poisson arrival time, τ . Thus the investor's objective is
where τ is a Poisson arrival time, andτ = min(τ , T ), and T is constant. For example, T could be the lifetime of a limited partnership hedge fund. The expectation operator E 0 denotes the expectation taken with respect to the Poisson process τ , in addition to Brownian motions.
The problem with Poisson exit time when stock prices follow a geometric Brownian motion is studied for the case without transaction costs by Merton (1970) and with transaction costs by Liu and Loewenstein (2002) . In our paper, asset prices are not geometric Brownian motions. We obtain the analytical solution for the portfolio weights by combining the dynamic programming approach and the martingale approach.
Following Merton (1970) , the objective can be written as
where ρ is the intensity of the Poisson process τ and E 0 denotes the expectation assuming a deterministic horizon, and thus applies to the Brownian motions. This leads to a standard dynamic programming problem.
To obtain an analytical expression for the value function we next consider the martingale approach. Note that the (unique) pricing kernel can be expressed as
where η t is the market price of risk which is given by
To solve the investor's problem in this case, note that there are infinitely many constraints, each indexed by t, for all t > 0 :
where π t is the pricing kernel. We show in the Appendix that the value function under a stochastic horizon specified by a Poisson arrival process is the weighted average of the value function under deterministic horizons with weights given by the Poisson distribution. Moreover, in this case the optimal portfolio weights are given in the following proposition:
Proposition 5 Suppose the assumptions of Lemma 1 hold and that the investor's horizon is governed by a Poisson termination process with intensity parameter ρ. Then the optimal weights
on the individual assets, (φ * 1t , φ * 2t ), are given by
and
where A(t) and C(t) are the same as in Lemma 1. under the deterministic horizon. The possibility of an early termination of the arbitrage opportunities leads the investor to reduce the positions in the risky assets. This is understandable since the value function under the stochastic horizon is a weighted average of the value function under deterministic horizons with horizon lengths between zero and T . This dampens the sensitivity of the optimal weights in the Poisson case with respect to movements in x, because the sensitivity to x increases with the horizon in the deterministic case.
Empirical Example: Chinese Bank Shares
To illustrate the empirical relevance of our theoretical results, we next provide an analysis of pairs of Chinese bank stocks. Some Chinese bank shares are traded simultaneously as A shares on the Shanghai stock exchange and as H Shares in Hong Kong. They represent claims on the same assets and so should not, once converted into the same currency, be priced differently.
Hence this case matches our theoretical setup and we use this as an empirical example to calibrate the parameters of our cointegrated model. shares are quoted in Hong Kong Dollars, so we convert both series into US dollar terms to make them comparable. Figure 7 shows that log-prices of the pairs of A-and H-shares tend to move broadly in synchrony. The price differentials plotted in Figure 8 show that differences at times can be quite substantial, although the figure also suggests that price differences tend to decrease when they get unusually large, consistent with mean reversion towards zero, although the speed of mean reversion can be quite slow. Bearing in mind that cointegration tests can have low power in relatively short samples such as ours, pair-wise tests of cointegration, reported in the first column in Table 1 , reject the null of no cointegration for four of the seven series. 7 To help calibrate the parameters of our model, we estimate pairwise error correction models for the seven sets of A-shares and H-shares. Table 1 reports the estimated values of λ 1 and λ 2 along with their t-statistics. The first set of estimates only include log(P 1t ) and log(P 2t )
in the error correction model and so may be subject to omitted variable bias since the effect of the market price is left out. 8 To deal with this issue, we also show results for a two-stage procedure that first orthogonalizes the bank share prices with respect to the market index and then estimates an error correction model for the resulting log-prices. 9 In all but one case, the sum of the estimated values of λ 1 and λ 2 is positive. This is consistent with our modeling assumption of mean reversion in price differentials. The lack of statistical significance of some of the λ 1 and λ 2 estimates can again be attributed to the relatively short data samples and the fairly slow speed of mean reversion. 7 The test results are based on an ADF unit root test for the log-price difference, log(P 1t )−log(P 2t ). This has slightly better power than the conventional cointegration test since it does not require estimating the cointegration parameter which is instead assumed to be unity. 8 The findings are robust to the number of lags included in the analysis and also hold when a Bayesian vector error correction model is used. 9 Although the two pairs of λ estimates differ, their correlation, at 0.73 (λ 1 ) and 0.67 (λ 2 ), is quite high.
Trading Results
To further illustrate the difference between the delta neutral versus the unconstrained strategies, we undertake a simple trading experiment. 10 For each pair of banking shares we compute the optimal weights using the end-of-day value of x t = log(P 1t )−log(P 2t ), the estimates of (λ 1 , λ 2 )
from Table 1 and moment-based estimates of (b 2 , σ 2 , β). We assume µ m = 5%, σ m = 35%, r = 2%. We set the terminal date, T , to February 15, 2010 corresponding to the end of our data and focus on the case with recurring arbitrage opportunities which yields more observations than the case with non-recurring arbitrage opportunities and so offers the more informative comparisons for this particular application. 11 Rebalancing is assumed to take place daily and we set γ = 4.
While daily rebalancing does not match the assumption of continuous time price dynamics, it is likely to provide a reasonable approximation, see Bertsimas, Kogan, and Lo (2000). Table 2 reports the results. In all cases the mean portfolio return associated with the unconstrained strategy is at least as large as that associated with the delta neutral strategy and in some cases it is substantially larger, i.e., 16.7% versus 6.9% per annum for China Merchants Bank and 16.1% versus 8.3% for China Minsheng Banking. Since the volatility of returns on the unconstrained strategy is also higher, we consider the Sharpe ratio and cumulated wealth, starting from $100. In four of seven cases this is highest for the unconstrained strategy. Similarly, the cumulated wealth of the optimal strategy, reported in the last panel of Table 2 , exceeds that of the delta neutral strategy for all but China Con. Bank.
These results ignore transaction costs which are unfortunately unavailable and difficult to assess. Interestingly, however, for four of the seven pairs of banking shares, the turnover of the unconstrained and delta neutral strategies, measured through (|∆φ * 1t | + |∆φ * 2t |)/2, are very close, i.e., within 10% of each other, and so transaction costs would not appear to explain the differences in performance of the two strategies, at least for a number of the pairings.
Conclusion
Convergence trades form an important part of many relative value investment strategies. It is generally assumed that a delta neutral long-short position should be taken in pairs of under-and over-valued assets so as to ensure market neutrality. This paper argues that such a strategy does not optimally take advantage of the associated risk-return trade-off. Instead, we derive optimal portfolio strategies when pairs of risky asset prices are cointegrated so that their conditional excess return can be characterized through a mean reverting error correction process. When arbitrage opportunities are recurring, the optimal portfolio holdings can be characterized in closed form. We also consider the interesting case where the investor's position is closed out as soon as prices converge. This second case can give rise to very different solutions for the optimal portfolio holdings and expected utility. We compare our optimal solutions to those achieved under conventional trading strategies restricted to be delta neutral, i.e., insensitive to market conditions, and show that considerable gains in expected utility can be achieved by deviating from conventional convergence trades.
Our analysis considers the actions of an unconstrained fund. In reality funds' trades are constrained in important ways, reflecting limits on borrowing, regulatory constraints and other market imperfections. Perhaps the single most important constraint arises from funding risk which arises when a trade has to be closed down early due to lack of funding. Moreover, such funding risk is likely to be greatest in bad states of the world and so could well be correlated with the arbitrage opportunities analyzed here. We view this as a topic of great interest for future research.
Appendix
This appendix derives the results needed for the optimal portfolio weights presented in the paper.
Proof of Lemma 1
Without the boundary condition at x = 0, we conjecture
Substituting this conjecture into equation (12) yields an equation that is affine in x. Setting the terms in the equation that are independent of x and the coefficient of x to zero, we have the following ordinary differential equations (ODE)
(1 − γ).
We first solve for C. The ODE for C can be written as
where C ± are the roots of the following quadratic equation in C
These roots are given by
The ODE for C can be solved in the following steps. First,
which can be written as
or, equivalently,
Integrating on both sides, we have
Using the terminal condition C(T ) = 0, we get
which is the same as
• When γ > 1, C + > 0 and C − < 0, and 0 > C > C − .
• When γ < 1, if C ± are real, then C ≥ 0, and C(t) decreases from C < C − at t = 0 to 0 at t = T . Thus, C < C − < C + .
In both cases,
Thus, we get
which can be solved as
Turning to the solution for A(t), integrating over the ODE for A(t), we get
where we have used the terminal condition A(T ) = 0. Note that
Hence, we get
Note that
Hence, we can write A(t) as
This yields the result for A(t) and C(t) and so proves Lemma 1.
Proof of Lemma 2
Next consider the case with delta neutral portfolio weights where
Substituting this equation into (25) yields an affine equation in x. Setting the term that is independent of x and the coefficient of x to zero leads to the following ODEs
These two ODEs can be simplified to
The solution to the ODE is then
Proof of Proposition 5
The wealth dynamics of a self-financing trading strategy satisfies
Letφ mt = φ mt + β(β 1t + β 2t ). Note that maximizing over (φ m , φ 1 , φ 2 ) is equivalent to maximizing over (φ m , φ 1 , φ 2 ).
The HJB equation is
We conjecture that the value function takes the form
In terms of f , the HJB equation is
The first order condition forφ m is
The first-order conditions for φ 1 and φ 2 are
These equations lead to
Substituting the optimal weights back into the HJB equation, we get
This equation be can simplified to
which is the same as the equation for a deterministic horizon with f t replaced by ρ(1 − f ). The boundary condition is f (x) → 0 as x → ±∞ for γ > 1.
Note that when γ = 1, the PDE for f becomes
and the solution is f = 1. Next, we use the martingale approach to obtain a closed form expression for f (t, x). It is straightforward to show that the (unique) pricing kernel, π t , is
The agent's objective is to solve the optimization problem
subject to infinitely many constraints, each indexed by t, for t > 0:
The Lagrangian is
where κ t is the Lagrangian multiplier corresponding to the 't' constraint. The first order condition is
Thus, solving for W * t ,
From the constraint, we can derive the Lagrangian multiplier
Inserting this in the wealth expression, we have
The value function is
Using the equation for the pricing kernel, we have
where E Q 0 denotes the expectation under the equivalent measure Q defined by the following Radon-Nikodym derivative
Under Q, the dynamics of x t is
From Feynman-Kac, we know that
satisfies the following PDE and
x.
When γ = 1, A(t) = 0 and C(t) = 0, and so
which is consistent with the solution using the dynamic programming approach. reports parameter estimates from a cointegration model fitted to the log-prices of pairs of Chinese banks traded as A-shares in China and as H-shares in Hong Kong. All prices have been converted into a common currency (US dollars). The first column reports a test for cointegration between the two log-prices. The second and fourth column reports estimates of the loadings on the error-correction terms for the price process in China (λ 1 ) and Hong Kong (λ 2 ). We consider both the regular stock prices (columns 2-5) as well as prices that have been orthogonalized with respect to a common China market index (columns 6-9). For the cointegration test, * indicates significance at the 10% level, ** indicates significance at the 5% level, *** indicates significance at the 1% level. 
